This paper studies a coupled Cahn-Hilliard-Boussinesq system with zero viscosity. We prove a regularity criterion in terms of vorticity in the homogeneous Besov spacė B 0 ∞,∞ .
Introduction
In this paper, we study the following Cahn-Hilliard-Boussinesq system with zero viscosity When u = , (.) and (.) are the well-known Cahn-Hilliard system. It is easy to show that the problem (.)-(.) has a unique local smooth solution, thus we omit the details here. However, the global regularity is still open. The aim of this paper is to study the blow up criterion. We will prove the following.
Theorem . Let T >  and u
We will use the following logarithmic Sobolev inequality []:
and the bilinear product and commutator estimates due to Kato and Ponce []:
with s > , := (-) / and
Proof of Theorem 1.1
First, it follows from (.), (.), and the maximum principle that
Testing (.) by θ , using (.), we see that
Testing (.) by φ, using (.) and (.), we find that
Testing (.) and (.) by u and μ, respectively, using (.), (.), and (.), summing up the result, we deduce that
In the following calculations, we will use the following Gagliardo-Nirenberg inequality:
It follows from (.), (.), (.), (.), and (.) that
Applying  to (.), testing by  u, using (.), (.), (.), and noting that
for any  < < . Taking to (.), testing by θ , using (.), (.), and (.), we obtain
Here we have used the Gagliardo-Nirenberg inequalities:
Taking ∇ to (.), testing by ∇ φ, using (.), (.), and (.), we have
Using (.), we get
Now we use the following Gagliardo-Nirenberg inequalities:
We obtain This completes the proof.
